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Abstract: The Weyl meson arises in theories with local scale invariance. It acts as a candidate
for dark matter in a generalized Standard Model with local scale invariance. The Higgs particle
is absent from the physical spectrum in this theory. We consider the quantization of this theory
in detail, imposing suitable gauge fixing conditions. We also consider a further generalization
of this model which includes an additional real scalar field. In this theory a Higgs like particle
remains in the particle spectrum. Since this particle couples to the Weyl meson, it can lead
to interesting phenomenology involving this vector field in particle colliders.
1 Introduction
In recent papers [1–5] we have studied a scale invariant generalization of the Standard Model
of particle physics, including gravity [6]. The model contains no dimensionful parameter and
displays local scale invariance which requires the introduction of the Weyl vector meson. Local
scale invariance was first proposed in Ref. [7]. It was later revived by many authors [8–16].
Subsequently local scale invariance has attracted considerable attention in literature [17–27].
It has been shown that a scale invariant model of gravity is equivalent to the Einstein’s action
with an effective gravitational constant [28]. In the model considered in Refs. [1–5], scale
invariance is broken by a soft mechanism analogous to spontaneous symmetry breaking [1, 29].
Here, motivated by the Big Bang cosmology, we assume a spatially flat background Friedmann-
Robertson-Walker (FRW) metric. The model admits a classical time dependent solution which
breaks scale invariance. This solution is assumed to represent the cosmic time evolution. This
generates all the dimensionful parameters in the theory such as the Hubble parameter, the
Planck mass, the vacuum or dark energy, Weyl meson mass as well as the electroweak particle
masses [1, 3–5]. Phenomenological implications of the Weyl vector meson have been studied in
Refs. [1, 2, 30,31].
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Scale invariance is generally believed to be anomalous. Within dimensional regularization,
the scale anomaly arises primarily since the action is not invariant under scale transformations
in dimensions other than four [32]. However it has been shown that any scale transformation
can be extended to arbitrary dimensions such that the action is invariant under this generalized
transformation [1, 3–5, 33–35]. This is accomplished by introducing fractional powers of the
scalar fields in the action in dimensions different from four. Hence in the present case, where
the action is exactly invariant in arbitrary dimensions, we do not expect scale invariance to be
anomalous. Once the action is specified, one can extract dimensionally regularized Feynman
amplitudes directly in d dimensions [36].
The action displays scale invariance in arbitrary dimensions due to introduction of terms with
fractional powers of scalar fields. This theory, therefore, makes sense only if the corresponding
field, which is raised to a fractional power, is non-zero classically. In this case one may make an
expansion around this classical value and the theory is well defined. Hence we need to demand
that scale invariance is broken by some mechanism, such as spontaneous symmetry breaking,
so that the scalar fields may acquire non-zero value by their classical equations of motion.
The standard model of particle physics generically gives rise to very large vacuum energy
and hence suggests the presence of cosmological constant many orders of magnitude larger
than observations. This has to be cancelled by explicitly introducing a large cosmological
constant term of opposite sign, leading to a fine tuning problem [37]. One of our motivation
for considering exact scale invariance is that it is likely to impose some constraints on the
cosmological constant and hence might solve this fine tuning problem. Due to scale invariance,
one is not allowed to introduce a cosmological constant term in the action [1]. Furthermore, it
has been shown in Ref. [5] that pure gauge fields lead to vanishing cosmological constant at all
orders in the gauge field coupling. For the model presented in Ref. [6], which contains no scalar
fields besides the Higgs multiplet, this follows for the particular choice of regularization used in
Ref. [5] and applies for all the gauge fields which do not have any coupling to the Higgs particle.
Similar result applies to fermion fields, as long as we ignore their coupling to Higgs. However,
an effective cosmological constant is generated in this theory due to the soft breakdown of scale
invariance. Its value may be adjusted by fixing the unknown couplings to match the observed
dark energy. The theory also predicts dark matter in the form of the Weyl meson, which is
found to decouple from all the visible matter fields. The model, therefore, correctly describes
all the particle and cosmological data.
The model does introduce some parameters which take very small values. This is basically
associated with the smallness of the cosmological constant. Although many contributions to
vacuum energy vanish due to scale invariance, it may still acquire large non-zero values at loop
orders. One may suitably adjust the model so that matter sector gives zero contribution to the
cosmological constant [38]. However in this case one is still required to fine tune the potential
to set some parameters to zero. In the present paper we shall not address the problem of fine
tuning of the cosmological constant.
In this paper we are interested in identifying the quadratic terms and the propagators of
the Weyl meson and the scalar fields with which it couples, after introducing suitable gauge
fixing conditions. We are primarily interested in applications to processes which involve the Weyl
meson. The interactions of the Weyl meson are determined by the corresponding gauge coupling
which we denote by f . We are interested only in the dominant contributions which might lead
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to signals accessible in current or future colliders or in cosmology. We are not interested in
contributions which are proportional to the gravitational coupling since they play a role only
in very early times in cosmology and hence are practically not accessible to observations.
This paper is organized as following. In section 2 we discuss a toy model with a single
scalar field. We identify the particle content of this model by choosing an appropriate gauge
condition. In section 3 we consider an extension of the Standard Model such that it displays
local scale invariance. The only scalar field in this model is a single Higgs multiplet. In this case
the Higgs boson gets eliminated from the physical particle spectrum in this model, as it acts
essentially like the longitudinal mode of the Weyl meson [6]. However, as we shall see, such a
theory becomes non-perturbative beyond the electroweak scale. Hence in section 4 we consider
a generalization of the model with only one extra scalar field. In this case the Higgs particle is
present in the physical spectrum. Finally we conclude in section 5.
2 Scale Invariant Model with a Real Scalar Field
Consider the following action in d = 4− ǫ dimensions containing only gravity, the Weyl meson
Sµ and a scalar field χ:
S =
∫
ddx
√−g¯
[
β
8
χ2R¯′ +
1
2
g¯µν(Dµχ)(Dνχ)− 1
4
g¯µρg¯νσEµνEρσ(χ2)δ − 1
4
λχ4(χ2)−δ
]
, (1)
where δ = (d− 4)/(d− 2) = −ǫ/(2− ǫ), Eµν represents the field strength tensor for Sµ and Dµ
is the scale covariant derivative with f being the gauge coupling. The symbol R¯′ represents the
scale covariant curvature scalar
R¯′ = R¯+ 4
d− 1
d− 2fS
µ
;µ + 4
d− 1
d− 2f
2SµSµ. (2)
We choose the conventions followed in Refs. [39] where the flat space-time metric takes the form
(1,−1,−1,−1). The curvature tensor and its contractions are defined as
Rµναβ = −∂βΓµνα + ∂αΓµνβ + ΓµγαΓγνβ − ΓµγβΓγνα,
Rνβ = R
µ
νβµ , R = Rνβg
νβ . (3)
In Eq. 1, β and λ denote the coupling parameters. In Eq. 1 we also have terms with field
χ raised to fractional powers if the space-time dimension is different from four. These terms
are necessary in order to maintain scale invariance at the quantum level [1, 3, 33–35]. This is
useful since we are demanding local scale invariance. In this case there would be no anomalous
contributions to the Ward identities which may be useful in maintaining renormalizability of
the model. We point out that the full model is not renormalizable due to quantum gravity
contributions, in any case. However we expect that at least up to a mass scale much larger
than the electroweak scale, such problems may be ignorable [40]. We also point out that all
the predictions of the broken scale invariance are maintained by this procedure [34,35]. Hence
we still find scale dependence of the coupling constants exactly as expected due to anomalous
contributions. However now these contributions arise due to the fractional powers of the fields
in dimensions other than four and due to the fact that a scale is already present in the theory
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due to a soft breakdown of scale invariance.
We next analyse this model in four dimensions. We seek a classical solution with Sµ = 0
and constant χ. The equation of motion for the scalar field gives
βR
4
= λχ2 . (4)
Here R represents the curvature scalar, as defined in Eq. 3. We have also set the derivative
terms of the scalar field equal to zero. We obtain a solution to this classical equation such that
the scalar field, χ = χ0, is constant and the FRW scale parameter is given by,
a(t) = a0e
H0t, (5)
where H0 is the Hubble parameter. This sets the curvature scalar as R = 12H
2
0 , where we have
taken the FRW curvature parameter k = 0. Hence we obtain a de Sitter space-time. In Ref. [41]
it has been shown that this classical solution is stable under small perturbations. We assume
this solution approximately represents the cosmic evolution today which is dominated by dark
energy. We may obtain a solution closer to observations by including dark matter. Remarkably
in the present model this is provided by the Weyl meson [2, 6]. In the present paper we ignore
these refinements and assume that the background is described by pure de Sitter metric. The
constant χ0 is related to the Planck mass, MPL, by,
χ = χ0 =
MPL√
2πβ
, (6)
so that classically we obtain the observed gravitational constant.
Under a global scale or global pseudoscale transformation [1, 6], both R and χ transform
so as to leave Eq. 4 invariant. However, since MPL remains unchanged, the solution breaks
scale invariance. Hence the symmetry is broken by the classical time dependent solution which
represents the background cosmic evolution. The phenomenon is not the same as spontaneous
symmetry breaking or dynamical symmetry breaking. In both of these cases the ground state
is not invariant under the corresponding symmetry transformation [42]. In the present case
the symmetry is broken by a classical time dependent solution. The corresponding quantum
state may be obtained by making a small perturbation around this solution and quantizing
the fluctuation modes. This is similar to the quantization of solitons where one also makes a
quantum expansion around a classical solution which may depend on space and/or time [43].
The procedure is straightforward as long as one considers only the matter fields [29]. In this case
it is clear that as we quantize this theory in the background of a classical time dependent solution
the lowest energy state is not the true ground state of the theory [29]. Due to time dependence
it will clearly have energy higher than the ground state. The present case is complicated due
to the usual problems associated with quantization of gravity. Even the basic interpretation
of the wave function of the universe is unclear. In any case even in the presence of gravity
the symmetry breaking mechanism being considered here is very different from the standard
spontaneous symmetry breaking since it is being generated by a background time dependent
solution rather than the minimum of the potential. Solutions similar to Eq. 4 have been
considered earlier in Refs. [44–48]. From Eq. 6 we see that the solution correctly generates the
gravitational constant.
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The value of R is fixed by the observed value of the Hubble constant. Classically, the
parameter β is fixed by Eq. 6 and Eq. 4 fixes the value of the parameter λ. This parameter
essentially fixes the cosmological constant in this model by the relationship
ρV =
1
4
λχ40. (7)
The parameter λ takes a very small value in this model and so it is important to check if
there are any loop corrections which tend to drive it to very large values. There may be large
quantum corrections to the cosmological constant. Here we shall absorb these corrections in
the parameter λ and may lead to fine tuning of this parameter. So far the fine tuning problem
of this parameter is unsolved. Hence we find that the well known fine tuning problem of the
cosmological constant appears in our model as a fine tuning problem of the parameter λ.
We next point out that, in vacuum, if we assume spherical symmetry we reproduce the
standard Schwarzschild-de Sitter or Kottler space-time solution [49, 50] to standard Einstein’s
gravity with a cosmological constant. We impose the boundary conditions on the scalar field
such that at large distances it approaches a constant value and its first derivative approaches
zero. We find that the solution which satisfies the equations and these boundary conditions is
ds2 = f(r)dt2 − dr
2
f(r)
− r2
(
dθ2 + sin2 θdφ2
)
(8)
where
f(r) = 1− 2M
r
− 1
3
Λr2 (9)
with the scalar field χ is equal to χ0, which is a constant. Here M is the mass of the source and
Λ the cosmological constant. In our case Λ = λχ20/β. It is clear that the extra term proportional
to Λ in the metric will have negligible effect on physics on the scale of the solar system due to
its very small value. This is discussed in detail in Ref. [51]. Furthermore it has no effect on
the bending of light [52]. Hence we find that our model gives predictions in agreement with the
standard Einsteins gravity at distances of the order of the solar system.
We next make a quantum expansion around this solution with
χ = χ0 + χˆ. (10)
We shall set
〈χˆ〉 = 0 (11)
as a renormalization condition. Choosing this condition implies that 〈χ〉 = χ0, to all orders in
perturbation theory. This is analogous to the renormalization condition normally imposed on
theories with spontaneous symmetry breaking [53].
We also expand the graviton field around its classical solution, We have [54]
g¯µν = gµν + h
′
µν ,
g¯µν = gµν − h′µν + h′µα h′αν ,√−g¯ = √−g
(
1 +
1
2
h′αα −
1
4
h′αβ h
′β
α +
1
8
(h′αα )
2
)
. (12)
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The Ricci scalar R¯ may be expanded as
R¯ = R+ h′β;αβ;α − h′β;αα; β −Rαβh′βα +R2, (13)
where R2 contains all the second order terms in the graviton field h
β
α:
R2 = −1
2
Dα
(
h
′β
µ h
′µ;α
β
)
+
1
2
Dβ
{
h
′β
ν
(
2h
′να
;α − h
′α;ν
α
)}
+
1
4
(
h
′ν
β;α + h
′ν
α;β − h
′;ν
βα
) (
h
′β;α
ν + h
′βα
;ν − h
′α;β
ν
)
− 1
4
(
2h
′να
;α − h
′α;ν
α
)
h
′β
β;ν
−1
2
h
′ναh
′β
β;να +
1
2
h
′ν
αDβ
(
h
′β;α
ν + h
′βα
;ν − h
′α;β
ν
)
+ h
′ν
β h
′β
α R
α
ν . (14)
As mentioned in the introduction, we are not interested in quantum gravity contributions since
these are negligible in phenomenological and cosmological applications, excluding the very early
phase. However it is useful to keep the quadratic terms in the graviton since these will mix with
the scalar field and the Weyl meson. Hence these are necessary to properly identify the particle
spectrum in the theory.
To suitably normalize the graviton field such that it has the properly normalized kinetic
energy term, we define
hβα =
1
4
χ0
√
βh′βα . (15)
Quantum expansion of the Lagrangian gives the following quadratic terms
√−g¯L = √−g
[
1
2
f2χ20
(
1 +
3β
2
)
SµSµ +
1
2
DµχˆDµχˆ− 1
4
gµρgνσEµνEρσ
−λχ20χˆ2 +
√
βχˆ
(
hβ;αβ;α − hβ;αα; β −Rαβhβα
)
+
R2
8
βχ20 + h
(
hβ;αβ;α − hβ;αα; β −Rαβhβα
)
+ fSµ;µ
{(
3β
2
+ 1
)
χ0χˆ+
3
2
√
βχ0 h
}
+4
λχ20
β
(
−1
4
hαβh
β
α +
1
8
h2
)
+ · · ·
]
. (16)
2.1 Weyl Meson in the Rξ Gauge
We may eliminate the mixing terms of Sµ with other fields by adding the following gauge fixing
term
Lgf = − 1
2ξ
[
Sκ;κ + ξ (C1χˆ+ C2h)
]2
, (17)
where
C1 =
(
3β
2
+ 1
)
fχ0; C2 =
3
2
√
βfχ0. (18)
Hence we find
√−g¯L = √−g
[
1
2
DµχˆDµχˆ+
√
βχˆ
(
hβ;αβ;α − hβ;αα;β
)
− 1
4
gµρgνσEµνEρσ +R′2
− 1
2ξ
(
Sµ;µ
)2
+
1
2
f2χ20
(
1 +
3β
2
)
SµSµ +
{
− χ20λ−
ξ
2
C21
}
χˆ2
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−4λχ
2
0
β
(
−1
4
hαβh
β
α +
1
8
h2
)
− ξ
2
C22 h
2
−
(√
βR
4
+ ξC1C2
)
χˆh+ · · ·
]
, (19)
where R′2 represents the kinetic energy terms of gravitons.
The mass terms of χˆ and h may be written as
Lm = −1
2
(
ξC21 + ǫ1
)
χˆ2 − 1
2
(
ξC22 + ǫ2
)
h2 − (ξC1C2 + ǫ3) χˆh, (20)
where the ǫi are of order λχ
2
0 and hence very small. The mass matrix may be diagonalized to
obtain two particles of masses
M2 ≈ {ξ(C21 + C22 ), 0}. (21)
It is clear from the above analysis that the Goldstone like mode SG that gets eliminated to
generate the mass of the Weyl meson is the linear combination
SG =
1√
C21 + C
2
2
(C1χˆ+ C2h) (22)
with M2 ≈ ξ(C21 + C22 ). The propagator of the Weyl meson may be written as
i∆Sµν(k) =
−i
k2 −M2S + iǫ
[
gµν − (1− ξ) kµkν
k2 − ξM2S
]
, (23)
where,
MS = fχ0
√
1 + 3β/2 (24)
is the mass of the Weyl meson.
So far we have confined our discussion to dimension d = 4. In order to compute quantum
corrections we need to regulate the theory. We use dimensional regularization such that scale
invariance is preserved. As mentioned in the introduction, the scale anomaly arises due to the
fact that the process of regularization breaks scale invariance [32]. However, in this case the
fractional powers of the scalar field χ in dimensions different from four helps to preserve scale
invariance in the dimensionally regulated the action [1,3,33–35]. The field with fractional power
can be handled by making a quantum expansion around its classical value. For example, the
terms such as (χ2)δ, appearing in Eq. 1, may be expanded such as,
(χ2)δ = χ2δ0
(
1 + 2δ
χˆ
χ0
+ · · ·
)
. (25)
by using Eq. 10. Hence the expansion, Eq. 25, is an expansion in powers of χˆ/χ0. The terms in
this expansion will lead to additional Feynman rules involving the scalar field. It is clear that
this expansion makes sense only if the classical value, χ0, is non-zero. Hence this mechanism
works only if scale invariance is broken by some soft mechanism.
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We stress that this procedure does not conflict with the standard predictions of scale anomaly
[34,35]. The scale dependence of the coupling constant is also observed in these models, despite
the fact that scale invariance is not anomalous. Here the scale dependence arise due to the fact
that a scale is already present in the theory due to a soft breakdown of scale invariance.
The scale invariant action in arbitrary dimensions is shown in Eq. 1 for the case of a single
scalar field besides gravity. More fields can be added as discussed in Ref. [4]. As we expand
around the classical solution, Eq. 25, we shall generate an infinite series of terms involving
higher powers of χˆ/χ0. It is clear that the contribution of these terms is suppressed by powers
of p2/M2PL, where p is the momentum scale of the process under consideration [40].
3 Standard Model with Local Scale Invariance
In this section we consider a scale invariant generalization of the Standard Model, originally
proposed in Ref. [6]. Here the only scalar field present is the Higgs multiplet. The Higgs
field acts as the longitudinal mode of the Weyl meson and hence decouples from the physical
spectrum. The action for the scale invariant extension of the Standard Model in d = 4 − ǫ
dimensions may be written as [4]
S =
∫
ddx
√−g¯
[
β
4
H†HR¯′ + g¯µν(DµH)†(DνH)− 1
4
g¯µρg¯νσEµνEρσ(Φ2)δ
−λ(H†H)2(Φ2)−δ
]
, (26)
where H is the Higgs doublet, Eµν represent the field strength tensor of the the Weyl vector
field. Here we have not displayed the remaining vector and fermionic fields since these do not
directly couple to the Weyl meson [6] and hence play no role in our analysis. The symbol, Φ
denotes a scalar, which we choose to be Φ2 = H†H.
The scale invariance is broken by a classical solution to the equations of motion. Here we
shall consider the specific model with only one scalar field multiplet, displayed in Eq. 26. In
general, there might be other scalar fields present, in which case the solution discussed below
may be suitably generalized. We denote the classical solution to the Higgs field by H0. We find
a solution to the classical equations of motion with
H0 = 1√
2
(
0
v
)
, (27)
where v is a constant. In four dimensions, the classical equation of motion leads to the following
relation
R =
8λ
β
H0†H0. (28)
In the present model the Goldstone like mode, SG is a linear combination of h and the Higgs
field. We denote the full Higgs field multiplet as
H = H0 + Hˆ, (29)
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where we parametrize Hˆ as
Hˆ = 1√
2
(
φ1 + iφ2
φ3 + iφ4
)
(30)
and denote the real Higgs field as Φ3 = v + φ3.
3.1 Gauge Fixing
We now consider the quadratic part of the Weyl meson Lagrangian including its coupling to
Higgs in four dimensions. This will allow us to determine the gauge fixing Lagrangian. We
expand the Higgs field around its classical solution, given in Eqs. 27 and 28. As in the case
of the toy model, discussed in section 2, we also need to include the graviton field, which gets
mixed with the Higgs and Weyl meson field. We redefine the graviton field as,
hβα =
1
4
v
√
βh′βα , (31)
so that it’s kinetic energy term is properly normalized. Our Lagrangian is given by
√−g¯L′ = √−g¯ β
4
H†HR¯′ −√−g¯λ(H†H)2 +√−g¯g¯µν(DµH)†DνH
− 1
4
√−g¯g¯µρg¯νσEµνEρσ + .... (32)
Here we have explicitly displayed the contributions only due to the Higgs field, the Weyl meson
and the graviton. Expansion of above equation gives the following quadratic terms.
√−g¯L = √−g
{
βv2
8
R2 +
√
β
(
φ3 +
1√
β
h
) [
hβ;αβ;α − hβ;αα; β −Rαβhβα
]
− λv2φ23
+
1
2
gµν∂µφi∂νφi +
f2v2
2
(
1 +
3
2
β
)
gµνSµSν +
3β
2
fv
(
φ3 +
1√
β
h
)
Sκ;κ
+fvφ3S
κ
;κ −
1
4
gµρgνσEµνEρσ + 4λv
2
β
(
−1
4
hαβh
β
α +
1
8
h2
)
+gµν
1
2
[
−gv
(
∂µφ1A
2
ν + ∂µφ2A
1
ν − ∂µφ4A3ν
)
−g′vBµ∂νφ4 + g
2v2
4
AiµA
i
ν +
g′2v2
4
BµBν − gg′
2
Bµv
2A3ν
]}
. (33)
For consistency we should keep terms only at leading order in the coupling 1/
√
β. At higher
orders in 1/
√
β we also need to include the contribution due to graviton loops.
To eliminate the terms which mix Sκ with φ3 and h we choose the following gauge fixing
Lagrangian:
L1gf = −
1
2ξ
[
Sκ;κ + ξM3φ3 + ξMhh
]2
, (34)
where
M3 = vf(1 + 3β/2) ≈ 3vfβ/2,
Mh =
3vf
2
√
β. (35)
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The quadratic Lagrangian now takes the form
√−g¯
(
L+ L1gf
)
=
√−g
{
βv2
8
R2 +
√
β
(
φ3 +
1√
β
h
) [
hβ;αβ;α − hβ;αα; β −Rαβhβα
]
−λv2φ23 + gµν
1
2
∂µφi∂νφi + g
µνSµSν
f2v2
2
(
1 +
3
2
β
)
+
λv2
2β
(
h2 − 2hαβhβα
)
− 1
2ξ
(
Sκ;κ
)2 − ξ
2
(M3φ3 +Mhh)
2 + · · ·
}
, (36)
where we have not explicitly displayed the terms involving gauge fields other than Sµ. In this
model the Weyl meson mass is found to be
MS = vf
√
1 + 3β/2 ≈
√
3β/2 vf. (37)
We still need to eliminate the mixing term which involves the scalar field and the graviton.
We notice that besides the term which mixes φ3 with the derivative of the graviton field we also
have mass terms which mix φ3 with h. We define new fields φ˜3 and h˜,
φ3 = cos θφ˜3 − sin θh˜,
h = sin θφ˜3 + cos θh˜. (38)
We may rotate the entire graviton multiplet such that
hαβ =
1
4
gαβ sin θφ˜3 + cos θh˜
α
β . (39)
This leads to Eq. 38 for the trace part of the multiplet h with the traceless part remaining
unchanged up to an overall rescaling factor
hαβ −
1
4
gαβh = cos θ
(
h˜αβ −
1
4
gαβ h˜
)
. (40)
The mixing angle θ that diagonalizes the φ˜3 and h˜ mass matrix is given by
tan θ =
1√
β
+ · · · , (41)
where we have displayed only the dominant term.
We next choose another gauge fixing term so as to eliminate the term that mixes the φ˜3
field with the graviton. At leading order the mixing term may be written as
√
βφ˜3
(
h˜;α;α − h˜β;αα;β
)
.
In order to eliminate this we use the following gauge fixing term:
L2gf =
1
2ξ
[
Dν h˜µν −Dµh˜−
√
βξDµφ˜3
][
Dσh˜
µσ −Dµh˜−√βξDµφ˜3
]
=
1
2ξ
[
(Dν h˜µν −Dµh˜)2 + βξ2Dµφ˜3Dµφ˜3
]
+
√
βφ˜3
[
h˜ν;µµ;ν − h˜σ;µσ; µ
]
. (42)
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In terms of the graviton field hαβ , the quadratic terms in the graviton field are given by,
Lgr = 1
2
[
hβα;νh
α;ν
β − h;νh;ν + 2h;βhβ;µµ
−2hν;αβ hβα;ν + 4hνβhβαRαν − 2hhνβRβν + 2
(
h2
8
− 1
4
hαβh
β
α
)
R
]
. (43)
We next perform the transformation, Eq. 38, and add the gauge fixing term L2gf . At leading
order, we find the following quadratic terms involving the transformed graviton field,
Lgr + L2gf =
1
2
h˜βα;ν h˜
α;ν
β +
(
1
2
+
1
2ξ
)
h˜;ν h˜
;ν − 1
ξ
h˜;βh˜
β;µ
µ +
(
−1 + 1
2ξ
)
h˜µ;νν h˜
σ
µ;σ + · · · . (44)
Here we have dropped terms involving the background curvature since those are higher order in
λ and negligible compared to the remaining terms. For completeness, we obtain the expression
for the graviton propagator in this model in the Appendix.
The scalar field quadratic terms may be written as
Lφ = 1
2
(βξ − 1/2)∂µφ˜3∂µφ˜3 − 1
2
(2λv2 + ξM23 )φ˜
2
3. (45)
We should rescale the scalar field in order to obtain the canonical kinetic energy term
φ =
√
ξβ − 1
2
φ˜3 ≈
√
ξβ φ˜3. (46)
This gives
Lφ = 1
2
∂µφ∂
µφ− 1
2
M2φφ
2, (47)
where
Mφ ≈ 3
2
vf
√
β. (48)
Hence we find that there does exist a physical scalar degree of freedom in this model. We so
far do not know the value of the gauge parameter f . If we take this to be of order unity then
this has a mass much larger than the electroweak mass scale. The couplings of this particle to
visible matter are suppressed by powers of 1/
√
β, hence these would be very small. The Weyl
meson acts as a dark matter in this model [6]. Its propagator is given in Eq. 23 where its mass
is now given in Eq. 37.
The Higgs particle is normally desired in Standard Model since it leads to perturbative
unitarity [55, 56]. This means that if the Higgs particle is absent then some of the amplitudes
might grow rapidly with energy. Our model does not appear to respect this. Furthermore we
also generate additional vertices in our model due to the terms raised to fractional powers. Here
we have chosen these regulator terms to be proportional to the Higgs field raised to fractional
powers. Hence we obtain additional amplitudes, which grow with energy as powers of p2/v2,
where p2 is some momentum scale characteristic of the experiment and v is the electroweak
scale. We essentially expect such amplitudes from an infinite series of the vertices generated
by these regulator terms in the action. Hence the theory cannot be treated perturbatively at
energy scale beyond v. This implies that the theory is non-perturbative or strongly coupled
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beyond the electroweak scale, as might be expected for any theory which does not predict a
Higgs particle in the physical spectrum. It remains to be seen by experiments such as LHC if
this scenario is realized in nature.
4 Locally Scale Invariant Standard Model with a Real Scalar Field
The main problem with the theory discussed in section 3 is that it is not perturbatively reliable
beyond the electroweak scale. In this section we consider a generalization of the model, by adding
another scalar field, χ, which is a singlet under the electroweak symmetry transformations. In
this case we use the real scalar field, χ, as the regulator scalar field. The classical value of the
field χ is taken to be much larger than the electroweak mass scale. In this case perturbation
theory breaks down only for energy scales much larger than the electroweak mass scale. The
action given in Eq. 26 now generalizes to
S =
∫
ddx
√−g¯
([
β
8
χ2 +
β1
4
H†H
]
R¯′ + g¯µν(DµH)†(DνH) + 1
2
g¯µν(Dµχ)(Dνχ)
−1
4
λχ4(χ2)−δ − 1
4
λ1
[
2H†H− λ2χ2
]2
(χ2)−δ
)
, (49)
where we have set the regulator field Φ = χ. The scalar potential of this type has been considered
earlier in Refs. [24,29,34]. In Eq. 49 we have not displayed the kinetic energy terms of the gauge
fields and the terms involving the fermions. These remain same as in Eq. 26. We shall choose
the couplings β and λ1 to be of order unity. The couplings λ, λ2 ≪ 1, such that λ ∼ H20/M2PL
and λ2 ∼ v2/M2PL.
The potential shown in Eq. 49 appears fine tuned and one might expect that quantum
corrections will lead to acute fine tuning problems in this case. In particular the couplings λ
and λ2 have to be chosen to be very small. However it has been shown in Ref. [34] that the
smallness of λ2 does not cause any problems. The potential is stable due to the underlying scale
invariance of the model. The value of λ has to be chosen to be very small since it contributes
directly to the cosmological constant. Its contribution to Higgs physics is very small and hence
it cannot lead to any fine tuning in the Higgs potential, i.e. the term proportional to λ1. The
only problem that might arise is that the small coupling λ might itself require fine tuning. This
is directly related to the fine tuning problem of the cosmological constant and we ignore this in
the present paper.
The minimum of this potential is obtained for χ = 0 and H = 0. However as in the earlier
case we do not seek the classical solution which minimizes the potential. Instead we seek a time
dependent solution, where the FRW scale parameter a(t) = a0e
H0t and the scalar fields take
some constant values. We shall also use the electroweak SU(2) symmetry to orient the Higgs
field such that only φ3 is non-zero. The equations of motion for χ and φ3 may be written as
βR
4
= λχ2 − λ1λ2(φ23 − λ2χ2), (50)
β1R
4
= λ1(φ
2
3 − λ2χ2) (51)
respectively. In these equations we have not displayed the derivative terms involving the scalar
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fields, since we seek a solution where these fields are constant. The Einstein’s equations may
be written as
1
4
(βχ2 + β1φ
2
3)
(
Rµν − 1
2
Rgµν
)
= Tµν . (52)
The 0− 0 component of this equation gives
3(βχ2 + β1φ
2
3)
(
a˙
a
)2
= λχ4 + λ1(φ
2
3 − λ2χ2)2. (53)
From Eq. 50 and 51 we find
(β + λ2β1)
R
4
= λχ2,
φ3 = ζχ, (54)
where
ζ =

λ2 + λ
βλ1
(
1
β1
+ λ2β
)


1/2
. (55)
As mentioned before we seek a solution of the form χ = χ0 = constant ≈ MPL and a(t) =
a0e
H0t where the Hubble parameter H0 is constant. Since R = 12H
2
0 , we find
H20 =
λχ20
3(β + β1λ2)
. (56)
It is easy to verify that Eq. 53 is consistent with this result. Hence we find an acceptable
classical solution. We next make a quantum expansion around this solution, such that
χ = χ0 + χˆ,
φ3 = φ3,0 + φˆ3. (57)
In the present case we expect that the Goldstone like mode, SG, that gets eaten by the Weyl me-
son would dominantly be a linear combination of χˆ and graviton along with a small contribution
from φˆ3.
To obtain the proper normalization of the graviton field kinetic energy we set
h′βα =
4√
βχ20 + β1v
2
hβα , (58)
in analogy to Eq. 15. Quantum expansion of Eq. 49 in four dimensions gives following quadratic
terms,
√−g¯L = √−g
[
1
2
f2
{
χ20
(
1 +
3β
2
)
+ v2
(
1 +
3β1
2
)}
SµSµ +
1
2
DµφiDµφi +
1
2
DµχˆDµχˆ
+
{
βR
8
− 3
2
χ20
(
λ+ λ1λ
2
2
)
+
λ1λ2
2
v2
}
χˆ2 − λ1v2φ23 +
R2
8
(
βχ20 + β1v
2
)
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+
βχ0χˆ+ β1vφ3√
βχ20 + β1v
2
(
hβ;αβ;α − hβ;αα; β −Rαβhβα
)
+ h
(
hβ;αβ;α − hβ;αα; β −Rαβhβα
)
+fSµ;µ
{(
3β
2
+ 1
)
χ0χˆ+
(
3β1
2
+ 1
)
vφ3 +
3
2
√
βχ20 + β1v
2 h
}
+
4
βχ20 + β1v
2
{
βχ20R
2
+ λ1v
4 −
(
λ+ λ1λ
2
2
)
χ40
}(
−1
4
hαβh
β
α +
1
8
h2
)
+2λ1λ2vχ0φ3χˆ+ · · ·
]
. (59)
Here we have not shown the gauge field kinetic energy terms.
4.1 Gauge Fixing
We may eliminate the mixing terms of Sµ with other fields by adding the following gauge fixing
term,
L3gf = −
1
2ξ
[
Sκ;κ + ξ (C1χˆ+ C2φ3 + C3h)
]2
, (60)
where,
C1 = f
(
3β
2
+ 1
)
χ0; C2 = f
(
3β1
2
+ 1
)
v; C3 =
3
2
f
√
βχ20 + β1v
2. (61)
Hence we find
√−g¯L = √−g
[
1
2
DµφiDµφi +
1
2
DµχˆDµχˆ+
βχ0χˆ+ β1vφ3√
βχ20 + β1v
2
(
hβ;αβ;α − hβ;αα;β
)
+R′2
− 1
2ξ
(
Sµ;µ
)2
+
1
2
f2
{
χ20
(
1 +
3β
2
)
+ v2
(
1 +
3β1
2
)}
SµSµ
+
{
βR
8
− 3
2
χ20
(
λ+ λ1λ
2
2
)
− λ1λ2
2
v2 − ξ
2
C21
}
χˆ2 −
(
λ1v
2 +
ξ
2
C22
)
φ23
+
(
h2 − 2hαβhβα
)
8
(
βχ20 + β1v
2
) {−R
2
(
β1v
2
)
+ λ1v
4 −
(
λ+ λ1λ
2
2
)
χ40
}
−ξ
2
C23 h
2 + (2λ1λ2vχ0 − ξC1C2)φ3χˆ−

 βχ0R
4
√
βχ20 + β1v
2
+ ξC1C3

 χˆh
−

 β1vR
4
√
βχ20 + β1v
2
+ ξC2C3

φ3h+ · · ·
]
, (62)
where R′2 is kinetic energy terms of gravitons.
The mass of the Weyl meson in this theory is given by
M2S = f
2
[
χ20
(
1 +
3β
2
)
+ v2
(
1 +
3β1
2
)]
. (63)
If we choose parameters such that β1v
2 ≪ βχ20, this is essentially the same as that found in
the case of a single scalar field in section 2. The scalar field mass term may be written as
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−ΦTM2Φ/2, where
Φ =


χˆ
φ3
h

 . (64)
The mass matrix of scalar field may be decomposed as
M2 =M20 +∆M
2, (65)
where the unperturbed mass matrix M20 is taken to be
M20 =


a2 ab ac
ab b2 + ǫ2 bc
ac bc c2

 . (66)
The perturbation term is given by
∆M2 =


ǫ1 ǫ4 ǫ5
ǫ4 0 ǫ6
ǫ5 ǫ6 ǫ3

 . (67)
Here a2 = ξC21 , b
2 = ξC22 , c
2 = ξC23 and ǫ2 = 2λ1v
2. We point out that a2, c2 and ac are of order
χ20, ab and bc of order
√
λ2χ
2
0, b
2 and ǫ2 of order λ2χ
2
0, ǫ4 of order λ
3/2
2 χ
2
0 and the remaining
parameters of order λ22χ
2
0 or λχ
2
0. In the unperturbed term it is useful to keep the higher order
terms ab, bc, b2 and ǫ2 since it allows us to properly identify the Higgs particle, with gauge
invariant mass. If we keep only the dominant terms in the unperturbed matrix then at leading
order the Higgs particle is massless and at next to leading order its mass is gauge dependent.
We next diagonalize the unperturbed part of the mass matrix. Here it is convenient to
expand the unperturbed eigenvalues and eigenvectors in powers of λ2. As we compute the
higher order corrections due to the perturbation ∆M2 we also need to simultaneously correct
the unperturbed solution to the accuracy of the calculation. At leading order the eigenvalues
are given by
m21 ≈ a2 + b2 + c2 = ξ(C21 + C22 + C23 ), m22 ≈ ǫ2 = 2λ1v2, m23 = 0. (68)
The corresponding eigenvectors are
1
N1


C1
C2
C3

 , 1
N2


−C1C2
(C21 + C
2
3 )
−C2C3

 , 1
N3


−C3
0
C1

 . (69)
Here N1 =
√
C21 + C
2
2 + C
2
3 , N2 =
√
(C21 + C
2
2 + C
2
3 )(C
2
1 + C
2
3 ) and N3 =
√
C21 + C
2
3 are nor-
malization factors.
We identify the particle of mass m1 as the Goldstone type mode that generates the mass
of the Weyl meson. The mass of this mode depends on the gauge parameter ξ and is of the
order of Planck mass for ξ of order unity. The particle of mass m2 is identified with the Higgs
and the third particle as one of the components of the graviton. We, therefore, find that the
16 N. K. Singh et al. – Quantum Treatment of the Weyl Vector Meson
longitudinal component of the Weyl meson, SG, is dominantly a linear combination of χˆ and
the graviton field h along with a very small contribution, of order β1v/MPL, from φ3. Here we
have assumed that β1 ≫ 1.
4.2 Phenomenological Implications
The Higgs particle is present in the physical spectrum in this model in contrast to the model
with pure Higgs field [6], discussed in section 3. Since the Higgs particle couples directly to
the Weyl meson there might be some possibility of detecting the Weyl meson at the present or
future colliders. The Weyl meson is also a candidate for dark matter [6]. In the present case
it’s cosmological implications may differ significantly from those of the model with pure Higgs
field.
The coupling of the Higgs and the Weyl meson can be obtained from the kinetic energy
term of the Higgs and the term proportional to β1. Here we shall work in the unitary gauge
and consider only the physical particles. The relevant terms are
gµν(DµH)†(DνH) = −fgµνSνφ3∂µφ3 + vf2gµνSµSνφ3 + 1
2
gµνf2SµSνφ
2
3 + · · · (70)
and
β1
4
H†HR′ = 3β1f
4
[
φ23S
µ
;µ + 2vfφ3S
µSµ + fφ
2
3S
µSµ
]
+ · · · (71)
We need to express the scalar field φ3 in terms of the physical scalar fields. However to a good
approximation φ3 is simply the physical Higgs field. Hence the interaction terms are directly
given by Eqs. 70-71.
Let’s first assume that the parameter f is of order unity. In this case the Weyl meson mass
is of order of the Planck mass and it will give negligible contribution at the current particle
colliders. However we may consider the case where f and hence the Weyl meson mass is
sufficiently small that it can be produced in colliders such as LHC. In this case the coupling terms
would become very small and hence again the probability to produce this particle at current
colliders is vanishingly small. However there does exist the possibility that the parameter β1 is
sufficiently large, such that the product β1f is not very small. In this case the first term on the
right hand side of Eq. 71 may lead to an observable signal of the Weyl meson at the current
and future colliders. Among the standard model particles, the Weyl meson couples direcly only
to the Higgs meson. Hence the Weyl meson may contribute to processes which produce a Higgs
particle. We postpone a detailed phenomenological investigation to future research.
5 Conclusions
Local scale invariance and the corresponding Weyl vector meson were first proposed in 1929 [7].
It was later found to be a candidate for dark matter [6] since it does not couple directly to
any of the Standard Model fields, except the Higgs. In the present paper we have discussed
the physics of the Weyl meson in detail. In the case of the model proposed in Ref. [6], the
Higgs field is absent from the particle spectrum making the model perturbatively unreliable
beyond the electroweak scale. We have discussed a generalization of this model which includes
an additional scalar field. In this case the Higgs particle is present in the physical spectrum.
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Furthermore we find that for a certain range of parameters the Weyl meson may produce an
observable signal in current or future colliders. If this parameter range is realized in nature,
the Weyl meson may contribute in processes which lead to the production of the Higgs particle.
Detailed phenomenological study of its signal is postponed for future research.
6 Appendix
In this Appendix we obtain the expression for the graviton propagator. The quadratic terms in
the Lagrangian, Eq. 44, involving graviton field may be written as
Lgr + L2gf =
1
2
h˜αβ
[
Dαβ,µν
]
h˜µν . (72)
Let us denote the graviton propagator by Pµν,γδ . At leading order the propagator can be written
as
iPµν,γδ =
2i
k2 + iǫ
[
A(gµγgνδ + gµδgνγ) +B(gµνgγδ) + C
gµνkγkδ + gγδkµkν
k2
+D
gνδkµkγ + gνγkµkδ + gµδkνkγ + gµγkνkδ
k2
+ E
kµkνkγkδ
k4
]
, (73)
where k is the momentum carried by the graviton. To determine A, B, C, D and E we use the
following relation:
Dαβ,µνPµν,γδ =
1
2
(gαγ g
β
δ + g
α
δ g
β
γ ), (74)
which implies
A =
1
4
, B = −1
6
, C =
1
3
, D = −1
4
+
ξ
2
, E = −2
3
− 2ξ − 1
2ξ
. (75)
In the graviton propagator we have dropped terms proportional to the classical curvature R
since they are higher order in the coupling λ.
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